Abstract. In remembrance of Professor Uffe Valentin Haagerup (1949, as a brilliant mathematician, we review some aspects of his life, and his outstanding mathematical accomplishments.
A Biography of Uffe Haagerup
Uffe Valentin Haagerup was born on 19 December 1949 in Kolding, a mid-size city in the South-West of Denmark, but grew up in Faaborg (near Odense). Since his early age he was interested in mathematics. At the age of 10, Uffe started to help a local surveyor in his work of measuring land. Soon the work also involved mathematical calculations with sine and cosine, long before he studied these at school. Figure 1 . Uffe Haagerup -2012 At age 14, Uffe got the opportunity to develop a plan for a new summer house area close to Faaborg. Due to Uffe's young age, this was recognized by both local and nationwide media. A plan had previously been made by a Copenhagenbased engineering company, but their plan was flawed and eventually had to be discarded.
Figure 2. A young Uffe Haagerup
Throughout his childhood, Uffe developed a strong interest in mathematics, and his skills were several years ahead of those of his peers. During primary school, he borrowed text books from his four-year older brother, and thus he came to know mathematics at high school level. This continued throughout high school, where his knowledge about mathematics was supplemented by university text books.
He graduated from high school at Svendborg Gymnasium in 1968. In the same year, he entered the University of Copenhagen to study mathematics and physics. He was fascinated by the physical theories of the 20th century, including Einstein's theory of relativity and quantum mechanics. His love for the exact language of mathematics led him to mathematical analysis and in particular the field of operator algebras, which originally aimed at providing a mathematically exact formulation of quantum mechanics.
Uffe got his international breakthrough already as a student at the University of Copenhagen, as he developed an exciting new view on a mathematical theory developed only a few years before by two Japanese mathematicians Tomita and Takesaki. From then on, Uffe's name was acknowledged throughout the international community of operator algebraists and beyond. prestigious awards, prizes and honors ([34, 29] ):
• The Samuel Friedman Award (UCLA and Copenhagen -1985) for his solution to the so-called "Champagne Problem" posed by Alain Connes.
Figure 3. Uffe receives the Samuel Friedman Award -1985
• Invited speaker at ICM1986 (Berkeley -1986 ).
• The Danish Ole Rømer Prize (Copenhagen -1989) .
• A plenary speaker at ICM2002 (Beijing -2002) .
• Distinguished lecturer at the Fields Institute of Mathematical Research (Toronto -2007) .
• The German Humboldt Research Award (Münster -2008) .
• The European Research Council Advanced Grant (2010 Grant ( -2014 .
• A plenary speaker at the International Congress on Mathematical Physics ICMP12 (Aalborg -2012).
• The 14th European Latsis Prize from the European Science Foundation (Brussels -2012) for his ground-breaking and important contributions to operator algebra. In the next two sections, we present some highlights of Uffe Haagerup's mathematical career and works.
2. Uffe Haagerup's work before 1990
As mentioned before, Uffe began his studies at the University of Copenhagen in 1968. At first his main interest was mathematical physics, and in particular quantum physics. He got interested in operator algebras via a seminar where papers by the mathematical physicist Irving Segal, who showed how parts of the physical theory could be described by means of operator algebras, were studied.
Let us say a few words on the field operator algebras. an example of a so-called non-nuclear C * -algebra with the metric approximation property. To do that he started to study a hard analysis problem, and as it often happened when he solved a problem, he introduced new ideas which were fruitful for further research. This time he found a new property of groups, which plays an important role in geometric group theory. The property is now called the "Haagerup property" or a-T-menable, in Gromov's terminology, as a strong negation of Kazhdan's property (T); see [3] .
Uffe didn't forget his background in physics either. A joint work from 1986
with Peter Sigmund, a professor of physics at the University of Odense, shows
Uffe's strong analytic powers at work with Bethe's model of energy loss of charged particles as they penetrate matter [26] . In the fall of 2010, a semester on quantum information theory was held at Institute Mittag-Leffler near Stockholm. There, Musat came to give a lecture on some joint work with Uffe. We quote from the report which was written on the program the following year:
"One of the highlights was a pair of visits and talks by Musat, who spoke on her work with Uffe on factorizable maps, and its implications for the so-called 'quantum Birkhoff conjecture', which they showed was false. The first talk generated so much excitement that questioning went on for more than an hour, with enthusiastic longer discussions for the rest of Musat's stay." Figure 6 . A handwritten note by Uffe Those of us who have had the pleasure of writing joint papers with Uffe will recognize the following pattern: we had struggled with a problem without success.
Then we got into contact with Uffe and told him about the difficulties, where upon he sat down and solved them.
Erling Størmer recalls one example from a conference in Romania in 1983:
I was going to give a lecture about a formula for the diameter of a set constructed from the states on a von Neumann algebra. But when I came to the conference I discovered that there were two possible formulas for the diameter, and I was unable to show which one is the correct one. Fortunately Uffe was there, so I asked him the first day we were there. "It must be that one", Uffe said and pointed at one of them. In the evening he sat down at his desk, and the next morning he gave me a 6 page proof showing that the formula he had pointed at, was the right one. Then I could give my lecture with a good feeling.
A couple of years later, in 1985, Størmer and Haagerup shared an apartment in Berkeley in California, for a month. They followed up their work with the diameter formula and ended up with an 80 pages long paper. In addition to learning much mathematics from this collaboration, Størmer learned one more thing, namely patience. He wrote a draft, which he sent to Uffe early in the fall of 1987. But Uffe got ill that fall, so he was delayed in the work of finishing the manuscript, but it took a long time for other reasons too, because Uffe was a very patient mathematician, who could keep a manuscript in his drawer for a long time before he had them typed and published. Some he never published but sent copies of them to his colleagues. So it was far into the winter before he gave the final manuscript to the secretary who was going to type it for them. But that also took a long time, so it was only sent to a journal late in the following summer, and then it took at least another two years before it was finally published. This was a sensation, as it was an application of the infinite dimensional theory of von Neumann algebras to the finite dimensional knot theory. At the world congress in mathematics in 1990 Jones was rewarded the Field's Medal, which is the most prestigious award a mathematician younger than 40 years can get. We return to some of Uffe's contributions to subfactor theory in the next section.
We have now arrived at Uffe's most famous result. He himself also considered this to be his best result ever. As appears from the preceding section, most of Uffe's research was centered around the theory of von Neumanns algebras, which he mastered to the highest international level, and in particular he became known for using von Neumann algebra techniques in order to solve C * -algebra problems and more generally for using methods from analysis to prove results that had been established previously by other methods. A couple of examples of this are the following:
(a) In the paper "Random Matrices with Complex Gaussian Entries"(ref. [20] ) new proofs were given for the limiting behavior of the empirical spectral distribution and the smallest and largest eigenvalues of certain Gaussian random matrix ensembles. In particular these results include the celebrated semi-circle law of Wigner (see [28] ). Where previous proofs of the mentioned results involved a substantial amount of combinatorial work,
Uffe took the point of view of studying the "moment generating function"
, where A is the random matrix under consideration, E denotes expectation and Tr denotes the trace. Expanding this function as a power series, Uffe and his co-author could identify it explicitly in terms of certain hypergeometric functions. This approach resembles methods from analytic number theory, which Uffe was actually quite interested in and taught several courses on.
(b) Another example is the paper "On Voiculescu's R-and S-transforms for free non-commuting random variables" [14] in which (among other results)
Uffe provided a new and completely analytical proof of the additivity (with respect to free convolution) of Voiculescu's R-transform (see [27] ).
Voiculescu's original proof was based on the Helton-Howe formula from representation theory, and other proofs (e.g. by Nica and Speicher; see [24] ) are based on the development of some rather heavy combinatorial machinery. Uffe's proof is based on Banach-algebra techniques, which he used e.g. to express the R-transform explicitly as an analytic function in a neighborhood of zero. Voiculescu recently used Uffe's approach to establish a key formula for the analog of the R-transform in Voiculescu's recent theory of bi-free probability. As it happens, neither Voiculescu's original approach, nor the combinatorial approach work in the bi-free setting. In his talk at the celebration of Uffe's 60'th birthday, Voiculescu • From around the late 1990's Uffe (and collaborators) made important contributions to Voiculescu's free probability theory. In ref. [21] he proved (jointly with Thorbjørnsen) that the operator norm of a non-commutative polynomial in several independent GUE-random matrices converges almost surely, as the dimension goes to infinity, to the limit anticipated by free probability theory. This further lead to the settlement (in the positive) of the conjecture on the existence of non-invertible elements in the extension semi-groups of the reduced C * -algebras associated to the free groups. Jointly with Schultz, he also made huge progress on the invariant subspace problem. Specifically they proved in [19] that any operator T in a II 1 -factor has a non-trivial invariant subspace affiliated with the von Neumann algebra generated by T , provided that the Brown measure of T is non-trivial.
• 
for any a in A and b in B. The jointly completely bounded norm u jcb may be defined as the completely bounded norm of the mapping A → B * associated to u. The work of Uffe and Musat extended previous work by
Pisier and Shlyakhtenko (see [25] ).
• In a series of two papers ( [16] , [17] ) Uffe and de Laat showed recently that all connected, simple Lie groups with real rank greater than or equal to 2 do not have the Approximation Property (AP) (see e.g. [16] for the definition of this property). Since connected, simple Lie groups with real rank 0 (resp. 1) are known to be amenable (resp. weakly amenable), and since amenability implies weak amenability, which again implies (AP),
Uffe and de Laat's result shows that connected simple Lie groups have (AP), if and only if their real rank is at most 1. Specifically Uffe and de
Laat proved that the symplectic group Sp(2, R) and its universal covering group Sp(2, R) do not have the (AP). A few years before it had been established by Lafforgue and de la Salle that SL(3, R) does not have the approximation property (see [23] ). Furthermore it is well-known that any connected simple Lie Group with real rank greater than or equal to 2 has a closed connected subgroup, which is locally isomorphic to either or Sp(2, R) or SL(3, R), and hence isomorphic to a quotient of one of the universal covering groups Sp(2, R) or SL(3, R) by a discrete normal central subgroup. Combining the results mentioned above, Uffe and de Laat's result may then be deduced from the fact that (AP) passes from a group to its closed subgroups.
• In recent years Uffe became interested in the famous problem on the possible amenability of the smallest of the Thompson groups, here denoted by F . In 2015 he published the joint paper ref. [8] with Ramirez-Solano and his youngest son, Søren, in which they give precise lower bounds for the norms of two operators associated to the generators of F . By work of Kesten, the amenability of F is equivalent to the statement that these norms equal 3 and 4, respectively. Extensive computer calculations, performed by Uffe and his co-authors, suggest that the norms are approximately around 2.95 and 3.87, respectively, but their upper bounds are not precise enough to establish non-amenability. In the paper [15] , Uffe and Knudsen Olesen established that if the reduced C * -algebra of the larger Thompson group, T , is simple, then F is non-amenable. Very recently Le Boudec and Matte Bon proved that non-amenability of F is in fact equivalent to simplicity of C * r (T ) (see [2] ).
Uffe Haagerup as teacher and supervisor
Many of the numerous students who were taught by Uffe over the years at the University of Southern Denmark, mainly saw him as someone who was able to write incredibly fast (while still producing readable text) on a blackboard. Little did they realize that they were enjoying the privilege of being lectured to by one of the greatest and most influential Danish mathematicians of all times. Their ignorance is (partly) excused by Uffe's general attitude and appearance, to which the word "modest" immediately springs to the mind of anyone who have met him. Of course the students who took more advanced courses with Uffe, and in particular those who wrote their masters or Ph.D-thesis under his supervision, eventually realized that there was full concordance between the pace of his handwriting and that of his mathematical mind. One of Uffe's students (Carl Winsløw) at the University of Southern Denmark remembers Uffe's marvelous teaching and supervision as follows:
My first memories of Uffe Haagerup date back to a linear algebra course in the late 1980's, at the University of Odense. The lectures were astonishing, superior to all other I have attended.
While his teaching was spontaneous (no manuscript) and very lively, leaving the audience in no doubt on the rationale for the current details, he filled the blackboards with crystal clear proofs and simple examples -always more elegant and illuminating than those in the textbook we had. He repeated the same act in later courses I had the chance to take with him, on functional analysis, von Neumann algebras and so on.
Later, at weekly meetings with him as my master thesis supervisor, the blackboard was replaced with his favorite working instrument: blanksheets of paper and a classical pencil, which was frequently sharpened while the sheets where filled, and the sheets were eventually stapled when some proof was done. My thesis was to be an exposition of the details of Connes' 1973 paper [4] . Of course Uffe knew this monumental work intimately; in fact one of his most famous achievements was to complete the classification in question by proving the uniqueness of the injective type III 1 factor, in 1984. At the supervision meetings, the following often happened:
I had struggled with some elegant but very short proof from Connes' paper, and asked Uffe about it. He would take a look at the French text, mainly to get the result to be proved, then provide an elaborate and crystal clear proof on white sheets, out of his head, which I suspect was quite independent from the explanation in the paper. It also happened, sometimes, that I brought up other questions for which I could not find an answer in the literature. Usually, he would go: "Yes, I once thought about that", take a stack of white paper, and begin writing a sequence of lemmas and so on -often quite technical with subtle inequalities that were stated without hesitation and then proved quickly, with occasional corrections done by simply barring a line or too (I don't recall him having an eraser). On seldom, happy occasions, he would reach for one of his endless folders of stapled, handwritten manuscripts, which filled the shelves in his office -but even then, he usually ended up writing a new one from scratch.
This little anecdote is communicated here because we think any of his students (graduate or undergraduate) would recognize the point: Uffe incarnated mathematical creativity in a way that is shared by few (if any) they have met. For him there was a perfect continuity between "teaching" and "research" -it was about producing and sharing mathematical ideas. Even in his lectures on linear algebra (where, of course, no results were new) one got an experience how reasoning and connections are built "in vivo".
In the literature on the modes and effects of mathematics teaching, the activities in which mathematicians build new knowledge have sometimes been used as an ideal model for the activity of the student; the teacher, then, should arrange situations in which the student could learn by solving and posing problems. Uffe certainly practiced this art in many ways. But his acts of "direct teaching" (allured to above) were also very far from the caricature image that is sometimes presented as the "opposite" of that ideal: lectures which leave the students completely passive. Indeed, many lectures fail to help students to go beyond the role of spectator. But, as his students would say, Uffe's did not.
In the first decades of his academic career, Uffe only took on a single Ph.Dstudent: Marianne Terp. From around the mid 1990's he changed his policies on this matter, partly influenced by general tendencies at the Danish Universities, and until his death he acted as supervisor on at least another 13 Ph.D-theses.
He never obtained a Ph.D-degree himself; a fact that was used as a friendly (and absurd) tease among students and colleagues. In 2013 he could, however, put an end to the teasing, as he was awarded an honorary doctoral degree from East China Normal University. The first three most cited publications of Uffe in MR are:
• U. Haagerup, An example of a nonnuclear C * -algebra, which has the metric approximation property. Invent. Math. 50 (1978/79) The first three most cited publications of Uffe in ZbMath are:
• U. Haagerup, An example of a non nuclear C * -algebra, which has the metric approximation property, Invent. Math. 50, 279-293 (1979) . Zbl 0408.46046 (138 citations)
• U. Haagerup, The standard form of von Neumann algebras, Math. Scandinav. 37(1975 Scandinav. 37( ), 271-283 (1976 . Zbl 0304.46044 (102 citations)
• Michael Cowling and U. Haagerup, Completely bounded multipliers of the Fourier algebra of a simple Lie group of real rank one, Invent. Math. 96, No.3, 507-549 (1989) . Zbl 0681.43012 (81 citations)
The first three most cited publications of Uffe in WOS are:
• U. Haagerup, An example of a nonnuclear C * -algebra, which has the metric approximation property. Invent. Math. 50 (1978/79) 
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